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Triangular Plate Bending Elements with Enforced Compatibility
J. W. HARVEY*

AiResearch Manufacturing Company, Phoenix, Ariz.
AND

S. KELSEYf
University of Notre Dame, Noire Dame, Ind.

A technique for establishing complete normal slope compatibility at the interfaces of tri-
angular plate bending elements is presented. The nodal connections result in a deficiency of
one parameter per common boundary for providing automatic conformity. Each deficiency
is compensated by a constraint, imposed by the Lagrange multiplier method, which forces
compatibility at the midside. The element displacement is described by a complete cubic
interpolation polynomial. Nodal freedoms are the displacement tv, slopes wX9 Wy at each
corner and w at the centroid. Derivation of the stiffness and other matrices required for the
basic element is straightforward. Results presented, including deflections, critical loads and
vibration frequencies are in general more accurate than from other available elements of
equivalent complexity.

Nomenclature

x3 — x<i, etc. (Fig. 1)
2/2 - 2/3, etc. (Fig. 1)
transformation matrices [Eqs. (2), (3), and Ap-

pendix]
constraint matrices [Eqs. (13) and (14)]
plate bending stiffness = Et*/12(l - v2)
numerical matrix [Eq. (8) and Appendix]
stiffness matrices of element and element as-

semblage, respectively
numerical ma trix [Eq. (9) and Appendix]
pressure on plate
vectors of nodal displacements and forces, de-

fined for complete assemblage
plate thickness
transformation matrix [Eq. (5) and Appendix]
transverse displacement

D
G
k,K
_
M
p
r,R

t
T
w =
wx =
x,y = Cartesian coordinates, origin at triangle cen-

troid 0
0,1,2,3 = nodal point numbers
3. = vector of Lagrange multipliers [Eq. (15)]
v — Poisson's ratio
P — nodal displacement vector for element
<rxxj(ryy,<rxy — membrane direct and shear stresses
tt = area of triangle == ^(a&bz — #263), etc.

I. Introduction

IN the design of deformation modes for finite elements it is
generally accepted that the kinematic compatibility

conditions are satisfied implicitly by the definition of the
problem in terms of displacement unknowns. Modes are
therefore sought which automatically guarantee complete
compatibility on the inter-element boundaries by the match-
ing of common nodal freedoms. Any deficiencies in this
respect are either accepted, and the element described as
nonconforming, or eliminated by modification of the poly-
nomials which form the deformation functions. The modi-
fication usually consists of a constraint, on the boundary
deformation of the element, compensated by greater freedom
elsewhere to maintain the requisite degrees of freedom.
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For the triangular bending element, with only three free-
doms (w,wx,wy) specified at each corner, the constraint
necessary to ensure complete compatibility consists in per-
mitting only a linear variation of normal slope along each
edge, while the displacement varies cubically. In conform-
ing elements so constructed, the compensating freedom has
been provided.by using separate (though compatible) cubic
polynomials within subdivisions of the triangle1-2 or by aug-
menting the basic single cubic with higher order polynomial
terms.3'4

The present paper describes an alternative approach to
producing conformity which has been found simple and use-
ful.7 Instead of modifying the individual element dis-
placement functions so as to yield a simplified bound-
ary deformation, the basic nonconforming behavior is
initially accepted. Incompatibility is eliminated by an
explicit constraint condition imposed on both elements
meeting at an edge. Since the constraints on different
edges must be coupled through the elastic behavior of the
element, this amounts to a system of constraints applied to
the structure as a whole, which are enforced by the Lagrange
multiplier technique.

The basic triangular element presented employs a complete
cubic polynomial for the displacement function. Nodal
freedoms are w,wx,wy at each corner and w at the triangle
centroid. The quadratic variation of normal slope along
each side requires, therefore, a single constraint equation for
each side common to two triangles or at a clamped boundary
of the plate. These equations are simple to form and
assemble into the complete matrix, which describes the be-
havior of the assembled system of elements.

Because of the simplicity of the deformation modes, the
derivation of elastic and geometric stiffness matrices as well
as the consistent mass matrix is straightforward. The num-
ber of nodal freedoms may be reduced to nine by a statical
condensation to eliminate the centroidal deflection. In
this form, the basic element is equivalent to the T-10 element
which was investigated, and discarded because of its excessive
flexibility, by Clough and Tocher in Ref. 1. Results pre-
sented here demonstrate that with enforced slope compati-
bility between elements, it is capable of yielding very satis-
factory accuracy.

II. Basic Element Matrices

The geometry of the element is described with reference to
a Cartesian, axis system, Qxy, parallel to the global axes used
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Fig. 1 Geometry
of triangular ele-

ment.

and with origin at the triangle centroid (Fig. 1). Midpoints
of the sides are numbered for reference, but do not constitute
element nodes in the usual sense. Directions n^n^n^ are
the outward normals to the sides shown.

The deformation modes obtained by matching a complete
cubic polynomial to the nodal displacement vector,

p =
have been discussed by Felippa6 in connection with a plane
stress element with quadratically varying strain and need
not be repeated here.

From the deformation functions, it is straightforward to
establish the two (6X10) matrices,6 B*,By, and the (9X10)
matrix, T, which give the slopes and curvatures at the refer-
ence points in terms of nodal displacements.

Thus,

Oy =

= {WXxiWyyi2WXyi} I =.1,2,3

xs} = Exp (2)

(3)

(4)

(5)

6x,6y,4> define completely the slope and curvature variation
over the triangle. Br,By,T are displayed in the Appendix.

With linear variation of curvatures between the nodal
values, and the assumption of constant thickness, the stiff-
ness matrix, corresponding to the nodal displacement vector
p, is given by standard theory as

= TT\
'2E

E
E

E
2E
E

where, for an isotropic plate,

E = (ZK2/12)
'1 v
v 1
0 0

E-\
E T

2EJ

0
0

(6)

(7)

Matrices B^B^, besides being needed for the formation of
the constraint equations, are basic data for the geometric
stiffness kc, due to membrane stresses <TXx,<ryv,(rXy. For uni-
form membrane stresses over the element, we find

k<? = ^JB^GB. + ^[B^GB, + B/GB,] +
tayyEyTGEy (8)

The (6X6) numerical^ matrix G is shown in the Appendix,
as is the (10X10) M which provides the consistent mass
matrix M, i.e.,

M = (9)
where jic is the mass per unit area of the plate, and A is the
(10X10) matrix displayed in the Appendix.

M also serves for the calculation of kinematically con-
sistent forces P at the element nodes. If the pressure dis-
tribution is described by a vector,

in the same way as the plate displacements in Eq. (1) we
have

P = A^MAp

III. Compatibility Constraints

(ID

The nodal connections of the elements result in a defi-
ciency of one parameter per common boundary for auto-
matic compatibility. This deficiency, as shown in Refs. 1
and 5, results in an excessively flexible assembly, where
deflections converge to erroneous results with progressive
grid refinement.

The deficiency noted previously stems from the normal
slopes (dw/dri) at matching element edges being described
by a quadratic function, requiring three parameters, whereas
the nodal connections at the common edge provide only two.
If, however, the slopes are forced to match at some inter-
mediate point (for convenience, the midpoint is chosen),
then continuity of slope will be established all along the
edge. This condition is enforced by the method of constraints
as follows.

The normal slope at the center of side 2-3 (Fig. 1) is

wn =
where

+ sn«i = — + (12)

= x3 - 0:2,61 = 2/2 - 2/3,Zi = (ai2

Ba;4,By4 are the fourth rows of B^By, respectively.
The condition for continuity of normal slope at a typical

edge between two elements k and I may thus be written

C,-kpk + CJIPI = 0

Cjk,Cji are (IX 10) matrices of the type

(13).

the suffixes being determined by the side of the triangle in-
volved. Suffix j refers to the number of the common edge
(or clamped edge) in a global numbering system of the con-
straints. Since pi and pk are subvectors of the master dis-
placement vector r, the complete set of constraint equations
may be assembled into a matrix form, i.e.,

Cr = 0 (14)

Using a Lagrange multiplier technique to enforce constraint
conditions, while simultaneously satisfying the equilibrium
equations defined by stiffness matrix K, leads to the parti-
tioned equation

(15)

The vector A, of Lagrange multipliers, may be interpreted
physically as generalized constraint forces necessary to re-
move the slope mismatches from the loaded plate.

In Ref. 9, Jones has proposed an extensive use of La-
grangian multipliers, in conjunction with the Reissner vari-
ational principle, to generalize the finite-element method.
Though not derived in this way, the present approach may
be regarded as a special case of Jones' generalization. A re-
cent paper by Tong10 also gives a more general theory, of

Table 1 Central deflection of simply supported square
plate under uniform pressure ̂  values of 105Dtt>c/pL4

N HOT LCCT-12 Q-19 BCIZ

P = (10)

2
3
4

355

393

400

405

402

406

428
416
412

410
407
406

873
857
849

Exact value = 406.
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Table 2 Central deflection of simply supported square
plate under central load W ~ values of \WDwc/WL*

N HCT LCCT-12 Q-19 BCIZ
2
3
4

1050

1122

1125

1155

1110

1155

1174
1166
1165

1094
1131
1158

Exact value = 1160.

which the present work may be viewed as a particular ex-
ample.

IV. Solution of the Equations

The coefficient matrix in Eq. (15) is of course appreciably
larger than the stiffness matrix corresponding to displace-
ments specified at the nodal points alone. For a large sys-
tem, with n. nodal points, upper bounds to the number of rows
in K and C are 5n and 3n, respectively. The 2n displace-
ments (w0) at the triangle centroids may be eliminated by
statical condensation of the individual element stiffness
matrices, though this complicates the storage or regeneration
of the basic element matrices when element geometry is not
uniform.

To retain a banded structure for the matrix, the r and X
variables may be intermingled, giving a matrix structure
similar to that obtained if midside slopes are used as explicit
kinematic variables as with the LCCT- 12 elements described
in Ref. 2. The resulting band width is greater than for the
K alone.

In the numerical solution, it is important to scale the con-
straint equations and variables, so that the elements of
C and K have the same order of magnitude. Given proper
scaling, however, and with a Gauss elimination method of
solution which uses pivoting, it is found that Eq. (15) is
slightly better conditioned than the unconstrained stiffness
equation. Thus, the additional equations actually result in
an enhanced numerical accuracy.

V. Numerical Applications

The simply supported square plate, of which a quarter is
shown in Fig. 2, has been analyzed for static loads (Tables
1 and 2), vibration frequency (Table 3), and critical stress
under biaxial compression. Results for other elements from
Refs. 1-3 and 8 are included for comparison and are identified
by the following abbreviations: HCT = conforming tri-
angular element of Ref. 1; LCCT-12 = conforming tri-
angular element of Ref. 2 (employing midside slopes as
additional displacement variables); Q-19 = conforming
quadrilateral elements of Ref. 2; I2CIZ = nonconforming
triangular element of Ref. 3; TIQ = present element without
constraint; and P = present element with constraint.

The T10 results are included in Table 1 to demonstrate the
excessive flexibility of the unconstrained elements, the nota-
tion, T10, being taken from Ref. 1.

Uniform Load

Table 1 shows the central deflection wc of the ^uniformly
loaded plate. Some caution is necessary in making com-
parisons, since only the analyses for P, TIQ and BCIZ use

Table 3 Percentage error in fundamental vibration
frequency of simply supported square plate

N HCT G-9 BCIZ

2.8
1.2
0.7

1.5

0.4

-3.3
-1.7
-1.1

0.4
0.2
0.1

-L/2- L/2- L/2

Fig. 2 Grid patterns for square plate, shown for upper
right quarter plate.

kinematically consistent nodal forces. Also, the results for
HCT, taken from Ref. 1, are based on the grid patterns of
Fig. 2 for the top left quarter of the plate. For Q-19 and
LCCT-12, the figures are taken from the charts of Ref. 2.

Concentrated Load at Center

Table 2 compares the central deflection under a central
point load for the different elements. Here, the load rep-
resentations are identical and comparisons are correspond-
ingly more meaningful. The deflections also give a direct
measure of the strain energy of the loaded plate.

Natural Frequency

Percentage errors in the values of the fundamental vibra-
tion frequency, based on different elements, are presented
in Table 3. Consistent mass matrices were used in all cases.

Buckling Stress

For uniform biaxial compression of the square, simply
supported plate, percentage errors in the critical value of the
stress are shown in Table 4 for the present element with con-
straints and for the BCIZ element. The usual method of
calculating critical stress, by iterative or other classical
eigenvalue analysis, was avoided in this problem by means
of a South well plot technique.

VI. Conclusions

A constraint technique for establishing normal slope com-
patibility between triangular plate bending element has been
presented. The simplicity of formulation and the accuracy
of results obtainable with a basically nonconforming element
so constrained has been demonstrated.

The constraint formulation results in a coefficient matrix
larger and wider banded than if nodal connections alone are
used. However, the enlargement of the coefficient matrix
does not cause any deterioration of the conditioning of the
system.

Applications of the technique to other plate bending
elements, as well as to plane stress and shell elements, has
been demonstrated elsewhere.7 The method may also be
extended to impose equilibrium-type constraint conditions.

Appendix: Basic Matrices for Elements

180

' 6
-1
-1
-4

0
0

-1
6

-1
0

-4
0

-1
-1

6
0
0

-4

-4
0
0

32
16
16

0
-4

0
16
32
16

0"
0

-4
16
16
32

Table 4 Percentage error in critical stress for square
simply supported plate under biaxial compression

AT 2 3 4

P
BCIZ

1.09
2.67

0.28
1.56

0.05
1.09
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M = 5040

9
9
30
30
3
12
12
3

L 6

180
9
12
3
30
30
3
12
6

9
180
3
12
12
3
30
30
6

12
3
12
6
3
9
3
2
3

3
12
6
12
2
3
9
3
3

30
12
3
2
12
6
3
9
3

30
3
9
3
6
12
2
3
3

3
30
3
9
3
2
12
6
3

12
30
2
3
9
3
6
12
3

6
6
3
3
3
3
3
3
2_

A =.

r. 1 . .
. . . . 1

3 «3 — 63 •

. 3 -02 62 .
3 di
3 — a3

_27 —7 3zi 3?/i —7 3a;2

-6:
63

82/2

1

O tt2

O — d]

-7 3*3

-6,
.61
^

0026\L

Ji
J2
T

_J3
TT
±13

where

Ji = {276263

r-36!2 - 76263
HH = '— 3at

2 — 7a2a3
L —60161 — 7A23

[62(362 - 763)
Hi2 = o2 (3cr2 — 7a3)

L6a262 — 7A23 —2a2a362

p3(363 - 762) -263(a262
Hi3 ^ I &3(3&3 — 7a2) —2a2

2a3
— 7A23 2^2^363 +

-4-23 = #263 + #362

The remaining sub-matrices of T are obtained by cyclic
advance of all subscripts, e.g., Hi3 yields H2i by subscript
changes: 3 -» 1, 2 -* 3.

Ex = Stt 2761
2762
2763

812

-yj

812
812

19^/3 — 2/2 0i(43/3 — 2/2) 6i(2/2 — 4ys) yz — 19^/2 ai(4yz — 2/3) &i(2/3 — tyz)
— 762 3x262 32/262 192/i — 2/3 <h(tyi — 2/3) ^2(2/3 ~~ 4«/i)

— 2/2) 63(2/2 — 42/i) — 763 3z363 32/363

812

812

27a2
27a3

— 7a2

8Q

32/2a2

812

— 7a3
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